MEASURE AND INTEGRATION — FINAL EXAM SOLUTIONS
Instructor: Daniel Valesin

1. (a)

Let ©Q be a set and £ be a collection of subsets of 2. Assume that we have sets
Ay C A C Q such that Ag # A and

for all B € &, either AC Bor ANB =0.

Prove that Ag ¢ o(&), where o(€) denotes the o-algebra generated by £.
Solution. Let F = {B C Q: AC Bor AN B = @}. Let us show that F is a
o-algebra:

e We have () € F since A C (.

o If B € F, then either A C B, in which case AN B¢ =g, of ANB = &, in
which case A C B¢; either way, we have B¢ € F.

e Finally, take By, Bo,... € F and let us show that UB,, € F. In case we have
AN B, = @ for every n, then AN (UB,,) = &, so UB,, € F. In case we have
A C By for some N, then we also have A C UB,,, so again UB,, € F.

Now, by assumption we have £ C F, so o(€) C o(F) = F, where the last inequality
holds because F is a o-algebra. This means that every set B € o(€) satisfies the
property that defines F, that is, either AN B = @ or A C Bj; in either case, we
must have B # Ayp.

Let 2 be a set and p* be an outer measure on 2. Suppose A C 2 is p*-measurable.
Show that, for any B C Q with p*(B) < oo, we have

P (AU B) = p*(A) + p*(B) — (AN B).
Solution. Since A is pu*-measurable, we have
wN(Z)=p(ZNA) +p (ZNA°) VYZ cCQ.
Applying this to Z = B and to Z = AU B respectively yields:
i (AUB) = u*(A) + p* (A° 0 B);
W(B) = i (ANB) + "(A°NB)  —  1*(A°N B) = u*(B) — i (AN BY;

note that in the implication in the second line we used the fact that p*(AN B) <
w*(B) < oo. Putting these equalities together gives the desired result.

2. Let E C R be a Lebesgue measurable set (that is, E € M). Prove that, if m(EF) > 0,
then for every € > 0 there exists an interval [a, b] such that m(EN[a,b]) > (1—¢)-(b—a).

Solution. Suppose to the contrary that there exists € > 0 such that, for every interval
[a, b], we have m(E N [a,b]) < (1 —¢)-(b—a). Fix § > 0 small enough that

(I1—¢)-(m(E)+0) <m(E).

By the definition of Lebesgue outer measure, there exist a sequence of intervals [a,, by],
n € N, such that E C Ulay, b,] and

m(E) <> (by — an) < m(E) + 4.
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But then,

E c Ulap,b,] = E C U([an,by] N E)
= m(E) <> m([an,bo] NE) < (1-2) > (by — an) < (1 - &)(m(E) + 8) < m(E).

n

Hence it cannot be the case that m(E N [a,b]) < (1 —¢) - (b — a) for every [a, b].

3. In both the following items, R is endowed with the Borel o-algebra.

(a)

Let (Q,.A) be a measurable space, and let A, € A, n € N. Define f: Q — R by
flw)=inf{n:w e A4,, for all m >n}, weN

(we adopt the convention that inf @ = co). Prove that f is measurable.

Solution. For every = € R, we have

{wiflw<at= |J {w:fw<nt={J () Am€A

neNmn<z neN: meN:
n<x m>n

Let f: R — R be right continuous. Prove that f is measurable.

Solution. For each n € N, define

fo= D f((k+1)27")  Lio-n (br1)2-n)-

keZ

Since f, is a sum of indicator functions of measurable sets, it is measurable. We
will prove that f,, — f pointwise; from this it will follow that f is measurable.
Fix £ € R and € > 0. Since f is right continuous, there exists § > 0 such that,
if y € [x,z + 6], then |f(y) — f(z)] < e. Now take n € N with 27" < §. Let y,
be the smallest number of the form k27" with k € Z that is larger than x. Then,

fn(@) = f(yn), so [fu(z) = f(2)] = |f(yn) = f(2)| <& since y, € [z,2 4],

4. Let (92, A, 1) be a measure space.

(a)

(b)

Let f : Q@ — R be an integrable function satisfying Jgfdu>0foral E e A
Prove that f > 0 almost everywhere.

Solution. Assume to the contrary that u({w: f(w) < 0}) > 0. Then, since
pl{w s ) < 0}) = T pu(fe: f(w) < —1/n})

there must exist n such that p({w: f(w) < —1/n}) > 0. But then,
1
/ Fp< =2 p({w: fw) < —1/n}) <0.
{w:f(w)<—1/n} n

Let ¢ : © — R be an integrable function. Prove that

lim n-p({w: g(w) >n})=0.
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Solution. First note that
(e s lgw)| =och) = | gl du < [ gl di < o
{wi|g(w)|=00} Q

so we have p({w : [g(w)| = co}) = 0. Next, let g, = g - Liu.g(w)>n}- We have the
pointwise convergence g, — 00 L ,.4(w)=cc}, and this convergence is dominated by
g, which is integrable. Hence, using the Dominated Convergence Theorem,

n M({w : g(w) > TL}) = /Tl ’ ]l{w:g(w)>n} dp

< [ o du " 00 ulf s gle) = o0}) =0,

5. In this exercise, we consider the set 2 = (0, 00) with the Borel o-algebra and Lebesgue
measure (these are just the restrictions to (0,00) of the Borel o-algebra and Lebesgue
measure of R).

Let p > 1 and let ¢ be the conjugate exponent of p, that is, p + ¢ = pg. Assume
f e LP((0,00)).

(a) Show that, for every = >0, f - 1o, € L*((0,00)).
Solution. We have |f(t)] < 1+ |f(¢)? for all t > 0, so
|1 vonla= [rwiaes [Casion a<as [Tisop <o

(b) Prove that, for any o € (0,1/¢) and x > 0,

Hint. Write f(t) =t~ -t*- f(¢ ) and use Holder’s inequality (make sure to verify
that the assumptions for the inequality are satisfied!)

Solution. Given x > 0, define

g(t) =t ]1(0 x) (75) h(t) =% - f(t) - Loz (t),
so that [ f(t)dt = [*g ) dt. Note that

00 T xlfozq
/ lg(8)[7 dt = / Foa gt — < oo
0 0 1—oaq

since ag < 1, s0o g € L9((0,00)). Also,

> P — xap, P ap | > P
/0 (P di /Ot FOP dt <z /0 FOP dt < o,

so h € LP((0, oo)) We can thus use Holder’s inequality to obtain:

dt' [i@na= [ g e a
([ 1atore dt)é ([ meor dt)ll’

_ l‘%_a ) Itap_ ; Pdt)zl]
S ([ w10
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(c) Define, for x > 0,

Prove that F' € LP((0,00)). Hint. You will need part (b) and the Fubini-Tonelli
theorem. Use the fact that p — B =

Solution. By part (b),

V4 xp(%—a—l) T
<t e
0

1 X
F(z)P = |~ - t) dt .
| S0 S
x—ap—l T
== [ P f@)P dt,
vl RARC]

where the equality follows from p — g = 1. Now we have

00 00 xfapfl T
/ ()| d:vg/ / 10| F()P dt da.
0 0 (I1-—ag)e Jo

Note that the function

m.fapfl
(z,t) = (17)2 AP O - L<ay
—aq)1

is non-negative and measurable with respect with the product Borel o-algebra on
(0,00) (since it is a product of measurable functions). Hence, by the Fubini-Tonelli
theorem,

o] xfapfl x
/ eo [ el dtda
0 (1—ag)es Jo
T oP— 1
- [ ey doar
(1 —aq)a

-t / £ | f(1)P / 2= g dt
(1 — aq)E t

1 1

:../ tap-’f(t)|p-t_apdt:
0

1 1 »
(—Oéq + l)p/q ap ’ ||f||p

(—ag+1)P/1 ap

We have thus shown that [ |F(z)|P dz < oo, so F € LP((0, 0)).



